CHATZISTAMATIOU-RULLING HIGHER VANISHING
IN THE NON-EXCELLENT CASE

PAT LANK

ABSTRACT. This is an expository note on folklore regarding the vanishing of higher co-
homology for the structure sheaf under projective birational morphisms of quasi-compact
regular schemes. A result of Chatzistamatiou—Riilling can be strengthened by removing
excellence and the existence of dualizing complex constraints. The simple recipe to do so
uses classical geometry to reduce the problem to local algebra. Assuming a conjecture of
Grothendieck, we explain how to generalize to proper morphisms.

Lemma o.1. Let f: Y — X be a morphism of Noetherian scheme. Suppose (P) is a property of
Noetherian rings that is stable under under localization (e.g. integral, regular, etc). If Y satisfies
(P) affine locally (i.e. admits affine open cover whose components satisfy (P)), then for any p € X
one has Y Xx Spec(Ox ) satisfying (P) affine locally.

Proof. Suppose Uj is an affine open cover for X with i € 1. Let f~(U;) have an affine open
cover given by V; where j € J;. So to check this, without loss of generality, we can replace
the schemes in question with those of the form U; = Spec(R) and V; = Spec(B) for j € J.
It follows that V; = Spec(B ®g S ~1R) (where S C R is multiplicatively closed). However,
B ®p SR is isomorphic to U 1B as a B-algebra where U is some multiplicatively closed
subset, so the desired claim follows. m]

Theorem o.2 (cf. [CR1j5, Theorem 1.1]). Let f: Y — X be a locally projective birational
morphism of quasi-compact regular schemes. Then Ox LN [:Oy is an isomorphism.

Proof- The unit morphism of Ox with respect to derived pushforward and derived pullback
adjunction factors via natural morphisms

/\f\
Ox > f.Oy > Rf.Oy.

nirl.

As X is regular, we know that Rf,0Oy € Perf(X), so [LV25, Lemma 3.16] tells us Oy —
R /.0y splits. Hence, taking 0-th cohomology sheaves, we see that Oy it Oy splits.

Then Oy LN /Oy is an isomorphism. So, the second claim follows if we can check

trl.
f:Or 5 R /Oy is an isomorphism. However, this is equivalent to showing the first claim

(e.g. Rf.Oy is concentrated in degree zero).

Now we show the first claim. Since f is locally projective, there is an affine open cover
of X such that the base change of f along the open immersion of each component is
projective. In particular, each such base change of f is a projective birational morphism
of quasi-compact regular schemes. Note that R £,0y being concentrated in degree zero is
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equivalent to the restriction of R .0y to each component satisfying the same condition.
So, we can impose X be affine and f be projective.

Observe for each p € X the base change of f along Spec(Ox ) 2 X s a projective
birational morphism of quasi-compact regular schemes. Indeed, the base change of f along

Spec(Ox,) 2 X s projective, and the stalks of X are regular local rings. Furthermore,
Lemma 0.1 tells us that ¥ xx Spec(Ox ) is a regular scheme. Recall that generalizations
lift along flat morphisms of schemes (see e.g. [Stacs, Tag 0o3HV]). Hence, [GD71, 81,

Proposition 3.9.g] implies the base change of f along Spec(Ox,) LULNG '@ birational,
justifying the claimed observation. Fortunately, the condition that R £,0y is concentrated
at degree zero can be checked at stalks. Then the observation allows us to further impose
X is the affine spectrum of a regular local ring R.

Lastly, R .0y being concentrated at degree zero is equivalent to its (derived) pullback
along R — R satisfying the same condition. So, if we can check this latter condition,
then we complete the proof. By [Stags, Tag 0BGO], the base change of Y along R — R is
regular. Furthermore, [GD71, §1, Proposition 3.9.g] implies the base change of f along
R — R is birational. Clearly, the base change of f along R — R is projective. Note that
Risa regular complete local domain (see e.g. [Stazs, Tag ooNP & Tag 07NY]). Tying
this together, the base change of f along R — R is a projective birational morphism of
quasi-compact regular schemes. However, R is excellent (see e.g. [Stagg, Tag 070W]), and
so the latter claim follows via [CR15, Theorem 1.1]. ]

Remark o.3. This flavor of reduction in the proof of Theorem 0.2 to (complete) local rings
for studying proper birational morphisms of Noetherian schemes has appeared before (see
e.g. [Mureys, Theorem 8.2] or [Cesei, §1.13)).

The case of Theorem 0.2 where X is of finite type over a field of characteristic zero and
[ is projective was initially shown by Hironaka [Hir64b, (2), pg. 144], whereas a similar
argument for the case where X is excellent of Krull dimension two and f is projective was
given by Lipman [Lip6g, Proposition 1.2]. Later, this was extended to the case where X is
of finite type over a perfect field and f is projective by Chatzistamatiou—Riilling [CR11,
Corollary 3.2.10] using Hodge-theoretic techniques. Shortly thereafter, the same authors
further improved their result to the case where X is excellent, admits a dualizing complex,
and f is projective [CR15, Theorem 1.1 & Conventions], employing arguments based on
Grothendieck duality.

Corollary 0.4. Let f: Y — X be a proper birational morphism of quasi-compact regular schemes.
Then R/ f.0y =0 for j > 0 if f factors through a locally projective birational morphism from a
regular scheme to X .

Proof- Our hypothesis ensures there is a locally projective birational morphism g: X’ — X
from a regular scheme and a morphism 4: X’ — X such that 2 = f o g. By arguing
affine locally with [Stags, Tag 0C40], we know that g is locally projective. Moreover, as
h and f are birational, we see that ¢ must be as well. Hence, g is a locally projective

proper birational morphism between quasi-compact regular schemes. Then Theorem 0.2

trl. trl.
implies Oy RliaN Rg.Ox and Oy RSN RA,Ox: are isomorphisms in their respective derived
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X ntrl. . . . .
categories. However, & = fog, and so Ox —— Rf.Oy is an isomorphism, which completes
the proof. m|

The hypothesis of Corollary 0.4 is expected to be very mild in practice. Specifically,
[Gro65, Remarque (7.9.6)] conjectures that every quasi-compact, quasi-excellent, reduced
scheme admits a projective birational morphism from a regular scheme. This existence is
known in some cases, e.g. quasi-excellent Q-schemes [Hir64b, Hir64a, Temo8] and quasi-
compact excellent schemes of Krull dimension two [Lip78]. It is also worth mentioning
[Ces21], which provides a variation of [Gro65, Remarque (7.9.6)] showing that certain
classes of schemes admit projective birational morphisms from a Cohen-Macaulay scheme.

Proposition 0.5 (cf. [CR15, Question (i), pg. 2133]). Assume [Gro65, Remarque (7.9.6)] is
true. Then for every proper birational morphism f:Y — X of quasi-compact regular schemes one
has R/ .6y =0 if j > 0.

Proof. A similar argument to Theorem o.2 allows one to reduce to the case where X is the
affine spectrum of a Noetherian complete local ring. From [Liitg3, Lemma 2.2], there is a

commutative diagram
Y‘I
X Y
Ny
X

where s is an admissible blowup of X along the largest open subscheme of X that f is an
isomorphism over. Now [Gro65, Remarque (7.9.6)] implies there is a projective birational
morphism /: ¥ — Y from a regular scheme. Observe that the composition sok = fogok
is projective, and so, g o & must be projective (see e.g. [Stazj, Tag 0C40]). Clearly, g o A is
a birational morphism, so the desired claim follows from Corollary 0.4. m]

Corollary 0.6 (cf. [CR15, Question (ii), pg. 2133]). Assume [Gro65, Remarque (7.9.6)] is
true. Let S be a Noetherian scheme. Suppose f;: Y; — S are quasi-compact quasi-excellent regular
S-schemes. If X and Y are properly S-birational, then R( f1).Oy; = R(f2):Oy,.

Proof- Our hypothesis gives us a proper birational morphisms 4;: ¥ — Y; such that
fiohi = fo 0 hg. Now [Grob65, Remarque (7.9.6)] ensures there is a projective resolution
g:Y — Y from a regular scheme. Hence, each /; o g is a proper birational morphism of
rl.
quasi-compact regular schemes. Then Proposition 0.5 tells us Oy, SN R(%; 0 g).05 is an
isomorphism for each i, and so
R(f1):0p; = R(f10h10g).05 = R(f0hy0 g).05 =R(f2).0p,.

This completes the proof. m]

Remark o.7.

(1) Observe that the proof of Proposition 0.5 and Corollary 0.6 do not require [Gro6p5,
Remarque (7.9.6)] to hold in full generality if the schemes in question have finite
Krull dimension. Instead, it suffices for the claim to be true for quasi-compact
quasi-excellent reduced schemes of suitable Krull dimension.
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(2) [CR1j5, Question (iii), pg. 2133] asks whether one can impose singularities on X
and still obtain results similar to those discussed here. Such singularities that may
be approachable via methods of this note should exhibit suitable local behavior
(e.g. stability under completion). Variants of Question (iii) seeking to relax the
singularity assumptions on Y are less clear, see [[iY24, Example 1.6].
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