GORENSTEINNESS IS FOURIER-MUKAI INVARIANT: A CLASSICAL
APPROACH

PAT LANK

We prove the following. Its proof closely follows the scheme argument for [Sta26].

Proposition o.1. Let f;: Y; — § be proper flat morphisms of Noetherian algebraic spaces.
Suppose Y1 and Yy are Fourier-Mukai S-partners given by a kernel K € Dé’oh(Yl Xs Y9). Then fi
is Gorenstein if, and only if, fo is Gorenstein.

Lemma o.2. Let f: X — Spec(k) be a proper morphism from an algebraic space to a field. Then
f!GSpec(/c) is a dualizing complex. Moreover, for E € Dqy.(X) there are functorial isomorphisms
which are compatible with shifts and distinguished triangles,

Ext' (E, f'Ospec(r)) = Hom(H (X, E), k)

Proof By [GL26b, Lemma 3.3], f !®Spec(k) is a dualizing complex on X.

The last part holds by construction as f is the right adjoint to Rf.: Dgc(X) —
D(Ospec(k)) = D(k) which we can identify with K — RI'(Xgtale, K). We also use that the
derived category D(k) of k-modules is the same as the category of graded £-vector spaces.
In particular, properness of f yields a functorial isomorphism > — f* on Dq, see [GL26a,
Lemma 2.22]. There exists a string of canonical isomorphisms

Ext'(E, f'Ospec(r)) = Hom(E, f'Ospec(i)[i])
= Hom(E, f ™ Ospec(k) [i])
= Hom(Rf.E, Ogpec(i) [1])
= Hom(RI"(Xztate, E), k[ i])
=~ Hom(H '(X,E),k).

The last isomorphism occurs because £-linear duality is exact. This gives functoriality, and
compatibility with cones and shifts. m|

Lemma o0.3. Let f: X — Spec(k) be a proper morphism from an algebraic space to a field.
Choose E € Dy (X) and P € Perf(X). There exist functorial isomorphisms, compatible with shifts
and distinguished triangles, for all i € Z:

Ext!(E, f'Ospec(r) ®" P) = Ext™/(P,E)".
IfE € choh(X), then this is an isomorphism of finite dimensional k-vector spaces.
Proof- Since P is perfect, there exists an isomorphism for all 4,B € D(X),

R Hom(4 ®" R¥om(P,6x),B) — RHom(4,P &" B).
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This uses the identification (see [Sta26, Tag 0B6E])
RI'(Xetale, R#om(—,—)) = RHom(-,-),
and applying RI'(Xgale, —) to the functorial isomorphism
R%om(A @ RHom(P,0x),B)

= R#Fom(A,RH om(RFom(P,Ox),B)) [Staz6, Tag 08]9]
= R¥om(A,RHom(RHom(P,0x),0x) @ B) [Staz6, Tag 08]]]
=~ R¥om(A,P " B).

Thus, for all i € Z, we obtain

Ext'(E, f'Ospec(r) ®" P) = Ext' (E ®" R¥om(P,0x), f Ospec(r))

=~ H™(X,E ®" R¥om(P,0x))" (Lemma 0.2)
= H'(X,R¥om(P,E))" [Stag6, Tag o]]]
~ (H'RHom(P,E))"
=~ Ext™"(P,E)".
The last claim follows from [Sta26, Tag oDoT]. O

Remark 0.4. Let f: X — Spec(k) be a proper morphism from an algebraic space to a
field. By Lemma o0.2, the identity of f !®Spec(k) corresponds to a morphism

t: H'(X, f'Ospecr)) = k.

Let K € Dy (X). Observe that the identification Hom(K,f’@spec(k)) with H%(X,K)V in
Lemma 0.2 corresponds to the pairing

Hom(K, f'Ospec(r)) X H'(X,K) — k,(a,B) > t(a(B)).
This follows from the functoriality of the isomorphisms. Similarly, for any i € Z, we get
the pairing

Ext' (K. f*Ospec() X H ™' (X. K) = k.(.) > t(a(B)).
Here, « is treated as a morphism K[-i] — f!@spec(k), and 8 as an element of H(X, K[-i])
in order to define (). For arbitrary K € Dqc(X), the first adjoint of this pairing gives an
isomorphism

i ! —i
Ext (K,f ®Spec(k)) - (H (X’K))v

Consequently, the pairing is nondegenerate in both variables. If K € Dé’oh(@x), then

Exti(K,f!@spec(k)) and H'(X,K) are finite dimensional k-vector spaces (see [Sta26, Tag
0DoS and 0DoR]), and the pairings are perfect.

Remark o.5. Let (X,0q) be a ringed site. Choose K, M € D(0Og). Set A =T(X,0x). The
(global) cup product in this setting is a morphism

w: RO(X,K) @“ RI(X, M) — RI(X,K &% M)
in D(4). We define it as the relative cup product for the morphism of ringed topoi
f: (Sh(X),069) — (Sh(pt),A) as in [Staz6, Tag 0B6C] via D(pt, A) = D(A). This morphism
defines pairings

U: HY(X,K) x H (X, M) —» H* (X, K % M).
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In particular, let £ € H'(X,K) = H'(R['(X,K)) and n € H/ (X, M) = H' (R[(X,M)). 1t

is possible to ‘tensor’ to get an element £ ® in H'*/(RI'(X,K) ®“ RI(X,M)) [Stach, Tag

068G]. Then we apply u to get the desired element £ Un = u(¢ ® ) of H*/(X,K & M).
Here is another way to think of the cup product of ¢ and ;7. Namely, we can write

H'(RT'(X,K)) = Hom(Og [-i],K) and H/(RI(X,M))=Hom(Ogx[-j],M)
because Hom(Og,—) = I'(X,—). Thus ¢ and 5 are the ‘same’ thing as morphisms
E:0q[-i] > K and 7:06g[-j] > M

Combining this with the functoriality of the derived tensor product we obtain

Og[-i - j1 = Og[~i] 8" Ox[-j] < K &" M
which by the same token as above is an element of H**/ (X, K @ M).
Lemma 0.6. The construction in Remark o.5 gives the cup product.

Proof- With f: (X,0¢) — (pt,A4) as above we have Rf,(—) = RI'(X,—-) and our morphism
i is adjoint to the morphism

EXREY

Lf*(RAK @ REM) = Lf'REK @V L REAM —5 K @ M
where € is the counit of the adjunction between Lf* and Rf.. If we think of £ and 7
as morphisms ¢: A[-i] = RI'(X,K) and n: 4[-j] — RI(X,M), then the tensor £ ®
corresponds to the morphism
Al=i - j] = A[-i] &% A[-j] 2% RO(X, K) ®% RT(X, M).
By definition the cup product £ U is the morphism A[—i — j] — RI(X,K ® M) which
is adjoint to
(ex ®@ey) oLf (§®n) = (ex o Lf¢) ® (ey o Lf™n).

However, it is easy to see that ex o Lf*¢ = € and €3 o Lf*n = 7. We conclude that

& Un = & ® 17 which means we have the desired agreement. O

Lemma 0.7. Let (X,0x) be a ringed site. Choose K,E € D(Ox) with E perfect. The diagram

HY(X,K ¥ R¥om(E,0q)) x H*(X,E) —— H*(X,K ¥ R¥om(E,Ox) @ E)

l l

Hom(E,K) x H(X,E) s HY(X,K)

commautes where the top horizontal arrow is the cup product, the right vertical arrow uses the
morphism €: RFom(E,Ox) QL E — O [Stach, Tag oFPU], the left vertical arrow uses [Stazb,
Tag 08]]1, and the bottom horizontal arrow is the obvious one.

Proof. We abbreviate ® = ®(15‘fx and O = Oy. We identify £ and K with R#om(0,E) and
R%om (0O, K) and moreover, we identify £V with R#om(E,0).

Let £ € HY (X, K ® EV) and 7 € H'(X,E). Denote £: 6 — K ® EY and 7j: © — E the
corresponding morphisms in D(0). By Lemma 0.6, the cup product £ U corresponds to
E®F:0 >K®E'QE.
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We claim the morphism &’: £ — K corresponding to & by [Sta26, Tag 08]]] is the
composition

EQly 1
E=00F 2 Kok o FE X5 K.

The construction in [Sta26, Tag 08]]] uses the evaluation morphism [Sta26, Tag 08JE] which
in turn is constructed using the identification of £ with R#om(0, E) and the composition
o constructed in [Sta26, Tag 0Ag8]. Hence, &’ is the composition

E = 6 ® R¥om(6, E) -5 R¥om(0, K) @ R¥om(E,6) @ R¥om(6, E)
o®1
=2, R¥om(E, K) ® R¥om(6, E)
Z R¥om(0,K) = K.

The claim follows immediately from this, the fact that the composition o constructed
in [Sta26, Tag 0Ag8] is associative, and the fact that € is defined as the composition
o: EY ® E — 0 in [Sta26, Tag oFPUJ.

Using the results from the previous two paragraphs, we find the statement of the lemma
is that (1x ® €) o (£ ® 7)) is equal to (1 ® €) o (£ ® 1g) o (1o ® 7j) which is immediate. O

Lemma 0.8. Let f: X — Spec(k) be a proper morphism from an algebraic space to a field. Let
i HO(X,f!GSPeC(k)) — k be as in Remark o.4. Let E € Perf(X). Then the pairings

H' (X, f'Ospec(r) @ R¥om(E,0x)) x H'(X,E) > k, (£.) - H((A f165,00) ® E)(EUN))

are perfect for all i. HereU denotes the cup product of Remark o.5 and € : R¥om(E,O0x)@VE — Oy
is as in [Sta26, Tag oFPU].

Proof- We can reduce to the case i = 0 after replacing E with E[—i]. By Lemma 0.7, the
pairing is the same as the one discussed in Remark 0.4. Hence, the result follows. m]

Definition 0.9. Let £ be a field. Let 9 be a k-linear triangulated category such that
dim; Hom(X,Y) < oo for all X,Y € J. A k-linear autoequivalence S: J — J is called a
Serre functor if there exist £-linear isomorphisms

cxy: Hom(X,Y) — Hom(Y,S(X))"
which are functorial in X,Y € J.

Lemma o.10. Let X be a Gorenstein algebraic space. Then any dualizing complex K on X is an
invertible object in D(X) (see [Stac6, Tag oFFN]). In particular, K is a perfect complex.

Proof. Let K be a dualizing complex on X. Choose an étale presentation s: U — X by
an affine scheme. Then Ls*K is a dualizing complex. Since U is Gorenstein, [Sta26, Tag
oBFQ] says Ls*K is invertible. Thus, by [GL26b, Lemma 3.1], K is invertible. ]

Lemma o.11. Let k be a field. Consider a proper morphism f: X — Spec(k) of algebraic spaces.
If X is Gorenstein, then the functor

S: Perf(X) — Perf(X),P  (f'Ospec(r) ®" P)

is a Serre functor.
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Proof. By [Sta26, Tag oDoT], dimz Hom(P,Q) < oo for all P,Q € Perf(X). Moreover,
from [GLe6b, Lemma 3.3], f!®spec(k) is a dualizing complex. Since X is Gorenstein,
Lemma 0.10 says f !®Spec(/€) is invertible. Then § is a well-defined endofunctor on Perf(X).

Furthermore, f !®Spec(k) being invertible implies §' is an autoequivalence. We have to find
k-linear isomorphisms

¢pg: Hom(P,Q) — Hom(Q,S(P))"
which are functorial in P,Q € Perf(X). To do so, we use the functorial isomorphisms
Hom(P,Q) = H’(X,Q & R¥om(P,0x))
and
Hom(Q,P ®" f'Ospec()) = H*(X,P & f'Ospec(r) @ R¥Hom(Q,0x))

where RZom is the internal Hom in D(X). See [Sta26, Tag 08]]]. As P is perfect, [Staz0,
Tag 08]] and 0DoS] imply

RZom(P,Ox) = R#Hom(P,Ox)

where R%om is the internal Hom for Dy (X), and similarly for Q. Note that there exists
functorial isomorphisms

R%om ((Q oL R%om(P,0x)),0x) = R#om (RFom(P,0x),0x) o R¥om(Q,0x).
By the functorial isomorphism
P - R%om(R%om(P,@X),GX),

the k-vector spaces above are naturally dual. See Lemma 0.8. This yields the desired
isomorphisms ¢pg, which completes the proof. m]

Lemma o.12. Let k be a field. Consider a proper morphism f: X — Spec(k) of algebraic spaces.
If there exists a Serre functor S: Perf(X) — Perf(X), then X is Gorenstein.

Proof- Let P,Q € Perf(X). By Lemma 0.3 and the Serre functor S, there exists a functorial
isomorphism for all zn € Z,

Hom(Q,S(P)[x]) = Hom(P[n],Q)" = Hom(Q,P &" f'Ospec(r) [7]).

The identity on S(P) corresponds uniquely to a morphism ¢: S(P) — P @ f!®Spec(k)~
Pick a compact generator G for Dy (X). Apply Hom(G,-) to the distinguished triangle

S(P) S P &Y f'Ospec(r) — cone(g) — S(P)[1].

There exists a long exact sequence (see [Sta20, Tag 0149]),

om(G,
-+ 5 Hom(G, 8 (P) %Y, Hom(G., P & f'Ogpec(r)) — Hom(G,cone(s)) — - -

By the functorial isomorphism above, it follows that Hom(G, cone(¢)[z]) = 0 for all # € Z.
Since G compactly generates Dq.(X), we obtain that cone(¢) = 0. In other words, ¢ is an

isomorphism. Taking P := Oy shows that §(Ox) = f!GSpec(k) is perfect. By [Sta26, Tag
oE51, 0Aqg7, and oDoS], the natural morphism

Ox — R%Om(R%om(GXaf!GSpec(k))’f!GSpec(k))
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is an isomorphism. Moreover, as f !©Spec(k) is perfect, [Sta26, Tag 08]]] implies

R%om(R%om(®Xaf!®Spec(k))’f!GSpec(k))
= R%Om(R%Om(@X,f!@spec(k)),@X) ol f!®Spec(k)

= R%om(f!(ﬁspec(k),@)() Q" f!®SpeC(k)'

Hence, f !®Spec(k) is an invertible object. Choose an étale presentation s: U — X. Note

that Ls* f !®Spec(/c) is a dualizing complex for U. Moreover, derived pullback is monoidal,
and so this dualizing complex is invertible. Thus, [Sta26, Tag 0BFO] says U is Gorenstein,
and hence, X must be Gorenstein. |

Remark 0.13. There is an alternative proof in Lemma 0.12 to show f !®Spec(k) is invertible.
There exists an isomorphism

Ox = R¥Hom(RFom(Ox, [ Ospec(k))- f Ospec(iy)  ([Stacb, Tag oE51])

= R¥om(f Ospec(k)» [ Ospec(k))
= R¥om(f " Ospec(r)»Ox) O [ Ospec(r) (ISta26, Tag 08]J and 0DoS]).

Thus, the claim follows.

Lemma 0.14. Let k be a field. Consider a proper morphism f: X — Spec(k) of algebraic spaces.
Then X is Gorenstein if, and only if; there exists a Serre functor S: Perf(X) — Perf(X).

Proof. This follows from Lemmas 0.11 and o0.12. O

Lemma o.15. Let f;: Y; — Spec(k) be proper morphisms of algebraic spaces over a field.
Suppose K € choh(Yl X Yo) is relatively perfect over each Y; and @ restricts to an equivalence
choh(Yl) — Dﬁoh(Yg). Then Y1 is Gorenstein if, and only if, Yo is Gorenstein.

Proof- By symmetry, it suffices to prove the case where Y7 is Gorenstein. As Y7 is Gorenstein,
Lemma 0.14 says Perf(Y7) has a Serre functor Sy;. Applying [GL26a, Lemma 10.9], ®g
restricts to an equivalence on Perf. Hence, we can induce a Serre functor on Perf(Y3);
namely,

Sy, := ®g o Sy, o (®g)~L: Perf(Yy) — Perf(Ys).
By Lemma 0.14, Y3 is Gorenstein. m]
Proof of Proposition o.1. By [GL26a, Remark 2.7], K is relatively perfect over each Y;. By

symmetry, it suffices to prove the case where fj is Gorenstein. Choose an étale presentation
s: U — §. Consider the fibered cube

YixsYyxs U p > Yaxs U
1 : K
& I
v Y1 xs U : & 3 U
tQ:
K >
YiXgYy ————-Zeef e N s
151 f2
f;
n 5 S
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By [Sta26, Tag oE15], g1 is Gorenstein. Choose any morphism ¢: Spec(k) — U from a
field. By [Sta26, Tag oE15], it suffices to check that Yy Xg Spec(k) is Gorenstein. There
exists a further fibered cube

Y1 Xs Yo X5 Spec(k)

> Yo xs Spec(k)

& | &
= |
¢ Y7 X5 Spec(k) ; > Spec(k)
1
& M
1Xg YoXgU —-—----=---4----—---—- +> YoxsU t
t/
&
X \
}’1 XS U 2 7 .

By [GL26a, Theorems 6.16 and 10.13], L(#' o ¢”)*K is relatively perfect over each Y; Xg
Spec(k) and @r,(yop) g restricts to an equivalence on Dfoh. Base change implies each g;
is proper. Thus, Lemma o0.15 implies Y3 Xg Spec(k) is Gorenstein, which completes the
proof. m]
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